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Abstract. In this paper we give a diameter bound for Sasaki manifolds with 
positive transverse Ricci curvature. As an application, we obtain the unique- 
ness of Sasaki-Einstein metrics on compact Sasaki manifolds modulo the action 
of the identity component of the automorphism group for the transverse holo- 
morphic structure. 

1. Introduction 

A Sasaki manifold is a Riemannian manifold (S, g) whose cone metric g = dr 2 + 
r 2 g on C(S) = S x M. + is Kahler. Then Sasakian geometry sits naturally in two 
aspects of Kahler geometry, since for one thing, (S, g) is the base of the cone 
manifold (C(S),g) which is Kahler, and for another thing any Sasaki manifold 
is contact, and the one dimensional foliation associated to the characteristic Reeb 
vector field admits a transverse Kahler structure. 

The main purpose of this paper is to prove a Myers' type theorem for Sasaki 
manifolds and give a diameter bound for complete Sasaki manifolds with positive 
transverse Ricci curvature. Our main result is stated as follows. 

Theorem A. Let (S,g) be a (2n + 1) dimensional complete Sasaki manifold with 
Sasakian structure S = {<?, £, rj, $}. Suppose Ric T > rg T for some constant r > 0. 
Then 

/2n — 1 

diam(S', g) < 2n\ 

As an application of Theorem A, we have uniqueness of Sasaki-Einstein met- 
rics up to the action of the identity component of the automorphism group for the 
transverse holomorphic structure. For toric cases, the uniqueness of Sasaki-Einstein 
metrics was recently obtained by Cho, Futaki and Ono [4] by showing that the ar- 
gument of Guan [8] is valid also for the space of Kahler potentials for the transverse 
Kahler structure. 

In this paper, we shall prove such uniqueness without toric assumption by ap- 
plying Theorem A and the argument of Bando and Mabuchi in [2] . 

Theorem B. Let (S,g) be a compact Sasaki manifold with Sasakian structure 
S = {<?,£, ?7, $}. Assume that the set § of all Sasaki-Einstein metrics which is 
compatible with g is non-empty. Then the identity component of the automorphism 
group for the transverse holomorphic structure acts transitively on S . 
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This paper is organized as follows: In Section 2, we give a brief review of Sasakian 
geometry and transverse Kahler geometry. In Section 3, by showing a Myers' type 
theorem on complete Sasaki manifolds, we give a proof of Theorem A. Our poof is 
then based on a variational formula for a minimizing normal geodesic in the sense 
of sub-Ricmannian geometry (see [13] for example). Finally in Section 4, we shall 
show that an argument similar to Bando and Mabuchi [2] allows us to obtain a 
proof of Theorem B. 

The first-named author would like to express his gratitude to Professor T. Mabuchi 
for valuable comments. The second-named author would like to thank Professor R. 
Goto for helphul advice. 

2. Brief review of Sasakian geometry 

2.1. Sasaki manifolds. We recall the basic theory of Sasaki manifolds. For the 
details, see [1] and [7]. Throughout this paper, we assume that all manifolds are 
connected. Let (5, g) be a Riemannian manifold and (C(5), g) — (5xR + , dr 2 +r 2 g) 
be its cone manifold, where M+ = {x £ M. | x > 0} and r is the standard coordinate 
on E + . 

Definition 2.1. (S,g) is called a Sasaki manifold if the cone manifold (C(S),g) is 
a Kahler manifold. 

A Sasaki manifold S is often identified with the submanifold {r = 1} C (C(S),g) 
and hence the dimension of S is odd. Let dim S = 2n + 1. Then, of course, 
dimcC(S') =n+l. Let J be the complex structure of the cone (C(S),g) and 
define £ := J(rJ^). The restriction £ := £|{ r=1 } of £ to the submanifold {r = 1} 
gives a vector field on S. The vector field £ is called the Reeb vector field. The 

1- dimensional foliation generated by £ is called the Reeb foliation. Define a 
differential 1-form r\ on S by r\ := •). Then, one can see that 

(1) £ is a Killing vector field and satisfies L; J = 0, 

(2) v e e = o, 

(3) 17(0 = 1,^ = 0. 

In particular £ is a Killing vector field on S. The 1-form r\ gives a 2n-dimcnsional 
subbundlc D of the tangent bundle TS by 

D = kerry. 

The subbundle D is a contact structure of S and there is an orthogonal decompo- 
sition 

TS = D(SL^ 

where is the 1-dimensional trivial bundle generated by the Reeb vector field £. 

Next we define a section $ of the endomorphism bundle End(TS') of the tangent 
bundle TS by $ = V£. Then it satisfies that 

$ 2 = -id + r\ <g) £ 

and g($X, $Y) = g(X,Y) - rj(X)r)(Y). Furthermore, &\ D = J\ D and $| L? = 0, 
and this shows that <I> gives a complex structure of D. We call the quadruple 
S = (<7, £, 77, $) a Sasakian structure of S. From these description, the restriction 
gr> '■= g\DxD of the metric g to D is an Hcrmitian metric on D and the associated 

2- form of the Hcrmitian metric is equal to \drj\r>y.D\ 

d V (X,Y) = 2g(^X,Y) 
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for each X, Y <G D. Since 77 is a contact form, -^[{\drj) n A 77 is a non-vanishing 
(2n + l)-form and coincides with the Ricmamiian volume form dV g . The covariant 
differentiation of $ can be written as a language of the curvature; 

(Vx*)(30 = R{X, OY = <?(£, Y)X - g(X, Y)£ 

for any X, Y g TS. 

2.2. Transverse holomorphic structures and transverse Kahler structures. 

As we saw in the last subsection, £ — yJ—Ut; is a holomorphic vector field on C(S). 
Hence there is a C*-action generated by £ — \J — 1J£. The local orbits of this action 
defines a transverse holomorphic structure on the Reeb foliation in the following 
sense; There is an open covering {U a } a ^A of S and submersions 7r a : U a — ► V a C C™ 
such that when U a C\ Up ^ <f) 

7T Q o iip 1 : irp(U a n Ifg) — > 7r Q (£/ Q n fTg) 

is biholomorphic. On each open set V a C C™ we can give a Kahler structure as 
follows. First note that there is a canonical isomorphism (tt*) p \d '■ D p — ► T^^V a for 
any p g £/ Q . Since £ generates isometries of (S,g), the restriction 50 of the Sasaki 
metric g to D gives a well-defined Hcrmitian metric on V Q . This Hcrmitian 
structure is in fact Kahler. The fundamental 2-form ui J of g^ is the same as the 
restriction of \dr\ to U a . Hence we see that Tr a o ng : irp(U a n L^g) — > n a (U a n E/jg) 
gives an isometry of Kahler manifolds. The collection of Kahler metrics {^} aEj 4 
on {V^jagyt is called a transverse Kahler metric. Since they are isometric over the 
overlaps we simply denote by g T . We also write V T , R T , Ric T , s T for its Levi-Civita 
connection, the curvature, the Ricci tensor and the scalar curvature. By identifying 
Dp and T Va ^V a , we have the following formulas for curvature; 

(1) R{X, Y, Z, W) = R T (X, Y, Z, W) + g($(X), Z)g{${Y), W) 

- g(<S>(X), W)g(<S>(Y), Z) + 2g@(X), Y)g{V e Z, W), 

(2) Ric T (X, Y) = Ric(X, Y) + 2g(X, Y) 

for any local sections X, Y, Z, W of D. For the detail, see [1]. 

2.3. Basic forms. In this section we assume that the Sasaki manifold (S, g) is 
compact. 

Definition 2.2. A fc-form a on S is called basic if 

i^a = L^a = 0. 

Let A^ be the sheaf of germs of basic fc-forms and Q, k B be the set of all basic fc-forms. 

Let (x, z , ■ ■ ■ , z n ) be a foliation chart on U a . Consider a complex basic form a 
which can be written as 

a = a lu ... ,i pJ1 ,... ,j q dz %1 A • • • A dz lp A dz n A • • • A dz jq . 

We call such a a basic (p, q)-form. It is easy that the definition of basic (jp, g)-forms 
is independent of choice of foliation chart. Let A^ ? be the sheaf of germs of basic 
(p, g)-forms and f^ 9 be the set of all basic (p, g)-forms. Then for each k, A^ £g> C 
(resp. fig <g> C) can be decomposed as 

A| ® C = ® p+q=k k p s\ (resp. Q, k B <g> C = ® p+q=k n™). 
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Since the exterior derivative d preserves the basic forms, its restriction d B to the 
space of basic forms can be decomposed into d B = B B +d B by well-defined operators 

B B : A p B q - A B +1 * and B B : A™ -> A™ +1 . 

Let d* B , d* B and 9|j be the formal adjoint operators of d B , d B and d B and define 

A B := d* B d B + d B d* B , D B ■= d* B d B + d B d* B , U B := B* B B B + B B B* B . 

As in the cases of compact Kahler manifolds, both D B and 0^ are real operators 
and satisfy A^ = ^O b = ^Q B (See [5]). Moreover, as shown later A B coincides 
with Riemannian Laplacian A on the space of basic functions. Now we can consider 
the basic de Rham complex (n* B ,d B ) and the basic Dolbeault complex (Q P '*,B B ). 
Their cohomology group is called the basic cohomology group. Similarly, we can 
consider the basic harmonic forms. El-Kacimi-Alaoui shows in [5] that there is an 
isomorphism between basic cohomology groups and the space of basic harmonic 
forms. 

We denote by C B °(S) the set of smooth all basic functions on S. For arbitrary 
basic function cp £ C B °(S), define 

i] v := rj + 2d c B ip, 
where d c B = y -^(B B — 8 B ). Then we have 

^<%> = \ dr l + d B d c B ip = ^di] + \/~^\B B B B tf. 

Thus, for small ip, rj^ A (■^dT] lp ) n is nowhere vanishing and the 1-form r] v gives a 
new Sasakian structure <S V = (3^,^,77^,$). By construction, S v defines the same 
transverse holomorphic structure with that of S (see [7] for the detail) . Under such 
a deformation, the transverse Kahler form is deformed in the same basic (1,1) class 
[\drj\ B . We call this class the basic Kahler class. Note that the contact bundle D 
may be changed under the deformation. 

As we saw in the last subsection, the transverse Kahler form {cu^} a ^A of a Sasaki 
manifold (S, g) satisfies 

= \ d v\u a - 

Thus they are glued together and give a de-closed basic (1, l)-form dr\ on S. We 
also call cu T = ^drj the transverse Kahler form. Similarly we see that the Ricci 
forms of the transverse Kahler metric {Pa}aeA, 

Pi = -A/^lSdlogdct^), 

are glued together and give a de-closed basic (l,l)-form p T on S. p T is called 
the transverse Ricci form. Of course, the transverse Ricci form p T depends on 
Sasaki metrics g. Nevertheless its basic de Rham cohomology class is invariant 
under deformations of the Sasakian structure by basic functions. The basic de 
Rham cohomology class [p T /2tt\ b is called the basic first Chern class and denoted 
by cf (S). 

2.4. Basic first Chern class and Monge- Ampere equations. Let (S, g) be a 

(2n + l)-dimcnsional compact Sasaki manifold. 

Definition 2.3. A Sasaki-Einstein manifold is a Sasaki manifold (S, g) with Ric = 
2ng. 
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The Einstein condition of a Sasaki manifold is translated into Einstein conditions 
of the Riemannian cone (C(S) , g) or the transverse Kahler structure. In short, these 
conditions are equivalent; 

(1) g is a Sasaki-Einstein metric. 

(2) The Riemannian cone (C(S),g) is a Ricci-flat Kahler manifold. 

(3) The transverse Kahler metric g T satisfies Ric T = (2n + 2)g T . 

We say that the basic first Chern class cf(S) of S is positive if cf(S) is represented 
by a transverse Kahler form, and we express this condition by cf (S) > 0. If 
there exists a Sasaki-Einstein metric, then there exists a transverse Kahlcr-Einstein 
metric g T with Ric T = (2n + 2)g T and in particular the basic first Chern class must 
be positive. We remark that there is a further necessary condition for the existence 
of positive or negative transverse Kahler-Einstcin metric. 

Proposition 2.4 (Futaki-Ono-Wang, [7]). The basic first Chern class is repre- 
sented by rdrj for some constant r if and only if C\(D) = 0. 

Now we consider a condition for existence of Sasaki-Einstein metric and set 
up the Monge- Ampere equation. Let (S, g) be a compact Sasaki manifold with 
Sasakian structure S = (g, £, 77, $). Suppose that cf (S) > and cf (S) = (2n + 
2)[^dn] (in particular ci(D) = 0). Then by a result of El Kacimi-Alaoui [5], there 
is a unique basic function h € C^(S) such that 

p T - (2n + 2)l-dn = V=ld B 5 B h, f (e h - 1)(^)" A r? = 0. 
1 J s 1 

Suppose that we can get a Sasaki-Einstein metric by a form g^ for some basic 

function (p. Then associated transverse Kahler form ui^ = jdrj + V —ldndBf 

satisfies 

p£ = (2» + 2)a£. 

This leads the transverse Kahler-Einstein (or equivalently Sasaki-Einstein) equation 

det(g T . + j&^j) 
det(s^) 

with (gT, + Q^iQzj ) positive definite. 

In [4] and [7] , the existence and uniqueness of Sasaki-Einstein metrics on compact 
toric Sasaki manifold is studied. In [7], the authors proved that for any compact 
toric Sasaki manifold (S,g) with cf(S) > and c\(D) = 0, we can get a Sasaki- 
Einstein metric by deforming the Sasaki structure varying the Reeb vector field (cf. 
Theorem 1.2. in [7]). Uniqueness of such Einstein metrics up to a connected group 
action is proved in [4]. Given a Sasaki manifold {S,g), we say that another Sasaki 
metric g' on S is compatible with g if g and g' have the same Reeb vector field 
and the transverse holomorphic structure. Note that g and g' has the same basic 
Kahler class. Indeed, for corresponding Sasakian structure S' = {<?', 77', $'}, it 
satisfies that ^ 77 — 77' is basic because £ = This shows that dn — drf = d( 
and in particular [^rf^Js = [\drf\B- Hence by transverse (39-Lemma (see [5]), there 
exists a basic function ip £ (7^(5) such that ^dn' = ^dn + y/— 1<9b<5b</?- 

Definition 2.5. The automorphism group of the transverse holomorphic structure 
of (S, g) is the biholomorphic automorphisms of C(S) which commute with the 
holomorphic flow generated by £ — >/^Tj£. 
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We denote by Aut(C(S),£) the group of the automorphisms of transverse holo- 
morphic structure and by G := Aut(C(6'), £)o its identity component. It is known 
that the action of Aut(C(5), £) on C{S) descends to an action on S preserving the 
Reeb vector field and the transverse holomorphic structure of the Reeb foliation. 
In particular, G acts on the space of all Sasaki metrics on S which is compatible 
with g. The Lie algebra of Aut(C(S),£) is explained as follows. 

Definition 2.6 (Futaki-Ono-Wang, [7]). A complex vector field X on S is called 
a Hamiltonian holomorphic vector field if 

(1) (n a )* X is a holomorphic vector field on V a for each a G A, 

(2) the complex valued function ux ■= %/^Tr?(A) satisfies 

9b u x = - ^Y^txdT]. 

By definition, every Hamiltonian holomorphic vector field is supposed to com- 
mute with £. We denote by f) the set of all Hamiltonian holomorphic vector fields. 
One can check easily that \) is in fact a Lie algebra. Then it is proved in [4] that 
the Lie algebra of Aut(C(S),£) is isomorphic to t). (For detailed descriptions, see 
also [7]). Under the notations and conventions, they proved that, for toric cases, G 
acts transitively on the space of all Sasaki-Einstein metrics compatible with g. 

2.5. Basic Laplacians for Sasaki manifolds. In the previous subsection, we 
introduced the notion of basic Laplacian, which is defined on the space of basic 
forms. Here we shall show that the basic Laplacian Ab coincides with the restriction 
A| C |o(s) of the Riemannian Laplacian A to C]£(S). Let T := C Isom(5, g) be 
the compact subgroup of Isom^, g) generated by the Reeb vector field £ and dt be 
the normalized Haar measure on T. For any smooth function tp G C°°{S) define 

B(<p) := J t*tpdt. 

Then B defines a linear operator on C°°(S). It is clear that B(ip) £ Cg ) (S') for any 
ip G C°°(S) and B(<p) = (p if and only if tp G C B °(S). Furthermore one can show 
that B is symmetric with respect to the L 2 -inner product on C°°(S) by Fubini 
theorem and the symmetry of T. Hence we obtain a orthogonal decomposition 

C 00 (S) = C B {S)®C B °(S) ± , 

where C B (S) ± is the orthogonal complement of C B °(S) with respect to L 2 -inner 
product and B is the orthogonal projection from C°°(S) onto Cg(S). 

We denote d* the formal adjoint operator of d. For each tp G C B °{S) and a G 
il B (S), we have 

(d B p,a) = {dp, a) = {tp, d* a) 

= {B{tp),d*a) = {p,Bd*a), 

where (■, ■) is the L 2 -inner product on the space of smooth differential forms. This 
shows that d* n — B o d* and hence we obtain 



(3) 



Asp = d B dsP = Bd* dtp = BAp. 
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Furthermore, for each <p £ C^(S) and t £ T, t*Aip = At*tp = Atp since t acts on 
(5", g) as an isometry. Therefore we obtain 

(4) BAip= / t*Apdt = / Atpdt = Aip. 

Jt Jt 

By combining the equalities (3) and (4), we have the following 

Proposition 2.7. For each ip £ C^(S) we have Ab<P = A<p. 

Using the foliation chart, we can get an explicit formula for the basic complex 
Laplacian = ^Ag by a similar calculation in Kahler geometry. 

Proposition 2.8. For a foliation chart (x, z , • • ■ , z n ), we have 

for each tp £ C%>(S). 

3. A DIAMETER BOUND FOR COMPLETE SASAKI MANIFOLDS 

In this section, we assume that the Sasaki manifold (S, g) is complete. A piece- 
wise smooth curve 7 : [0, 1] — > S is called horizontal if the differential jit) tangents 
to -D 7 (t) for all t <G [0, 1]. For each p,q £ S, put 

Ld{i) := [ W)\dt, 



Jo 

and define 

d D (p,q) :=inf{L( 7 ) | 7 G Cl(p,q,D)}, 

where fl(p,q,D) is the set of all piccewise smooth horizontal curves joining p to 
q. The function Ljj : fl(p,q,D) — > M is called the length of horizontal curves and 
the function dp on S x S is called the Carnot-Caratheodory metric of S. For the 
Riemannian distance function d of g), it is clear that d < do- Since the contact 
distribution D is bracket generating (i.e., brackets of local sections of D generates 
all local sections of TS), the classical theorem of Chow tells us that the function do 
gives a distance of S and the topology induced by the distance coincides with the 
original topology of S (For the proof, see [13] for example). The main result of this 
section is stated as follows. We say that the transverse Ricci curvature is bounded 
from below if there exist a constant r £ K such that Ric T (X, X) > rg(X,X) for 
each X £ D. We express the condition by Ric T > rg T . Hasegawa and Seino shows 
in [9] that a complete Sasaki manifold with Ric T > rg T for a positive constant 
r > is compact with finite fundamental group. Then we shall show the following 
stronger result. 

Theorem 3.1. Let (S,g) be a (2n+ 1) dimensional complete Sasaki manifold with 
Sasakian structure S = {g, £, 77, $}. Suppose that Ric T > rg T for some constant 
t > 0. Then 

diam(S', do) < 27r 

Then we can obtain Theorem A immediately because d < dp. Our proof of 
Theorem 3.1 is based on a variational formula of the energy of normal geodesies on 
the space of horizontal curves. 



2n - 1 
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3.1. Normal geodesies. A notion of normal geodesies is defined in sub-Ricmannian 
geometry as the projection on S of solutions of the "Hamiltonian equation" , which 
is defined below. 

A sub-Riemannian manifold is a triple (S,E,gE) of a smooth manifold S, a 
subbundlc E of the tangent bundle TS and a metric qe on E. For a Sasaki manifold 
(S,g), the pair of the contact structure D C TS and the restriction go of the 
Sasaki metric g to D defines a sub-Ricmannian structure of S, that is, (S,D,gz)) 
is a sub-Riemannian manifold. Hence we can apply the notions of sub-Riemannian 
geometry to Sasakian geometry. The detailed description can be seen in [13] and 
[16] for example. Let T*S be the cotangent bundle of S and H D : T* S -> K the 
function on T*S defined by 

H D (p,a) := ^{9D)~ l {a\D,a.\D) = ^g~ l {a,a) - \a{€) 2 

for each (jp, a) € T*S. We call the function Hjj the Hamiltonian function. For 
any foliation chart (xq,--- ,X2n) with g|- = £ and the canonical coordinates 
(xo, ■ • ■ , X2n, cto, ■ ■ ■ , «2n) on T*^, consider the following ordinary differential equa- 
tion; 

(5) { ? 

We call it the Hamiltonian equation. 



dH D 

dH D 

dxi 



Definition 3.2. A smooth curve 7 : [0, I] — > 5 is called a normal geodesic if 
there exists a cotangent lift T(t) = (j(t),a(t)) : [0,1] — > T*^ which satisfies the 
Hamiltonian equation (5). 

By existence and uniqueness of solutions of ordinary differential equations, the 
Hamiltonian equation (5) has unique solution determined by initial value r(0) = 
(p, a) € T*S. For a normal geodesic "f(t) with the cotangent lift T(t) = (7(f), a(t)), 
the Hamiltonian equation can be rewritten as 



(6) 



j(t)=g- 1 (a)-a(0Z, 

da z _ _ 1 dg k3 



where gkj '■= <?(g§^, is the component of the Sasaki metric g with respect to 

the local coordinate (xo, • • ■ ,X2n) and (g ) is the inverse matrix of {gkj)- This 
shows that a normal geodesic is always horizontal. Furthermore, the equation (6) 
implies 

(7) V +(t) 7(t) = -2oo*(7(i)), 

where ciq = a(^) is constant by (6) and by that £ is a Killing vector field. In 
particular we see that "/(t) is constant speed. 

Note that, for a smooth curve 7 : [0, 1] — ► S which satisfies the equation (7) for 
some constant a € R, we have 

j t (5(7(0.0) = s(v^t)7(*), £) + ffOK*), v^)0 

= -2a ff(*(7(*)) > 0+ff(7(*),*(7(*))) 
= -2a fl(*(7W),0 + 5^(7(*),7(*)) = 0. 
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Hence we see that 7 is horizontal if and only if 7(2) G -D 7 (o)- Now for each smooth 
horizontal curve 7 : [0, 1] — ► S which satisfies the equation (7), define a(t) := 
g{j(t) + ao£) and T(t) := (j(t), a(t)). Then we can easily check that the curve T(t) 
satisfies the equation (5), that is, 7 is a normal geodesic. This shows the following 

Proposition 3.3. A smooth curve 7 : [0, 1] — » S is a normal geodesic if and only 
if it satisfies the equation (7) for some constant cto G R and 7(0) G -D 7 (o)- 

A subbundle E C TS of the tangent bundle of S is called strong bracket gener- 
ating if for each p G S and each nonzero local section X of E around p we have 
E p + [X, E] p = T p S. For a Sasaki manifold (S, g), the corresponding contact struc- 
ture D is strong bracket generating. Indeed, for each p G S and nonzero local 
section X of D around p we have 

g{[X,*(X)],t)=g{V x ${X),Z)-g(V 9(x) X,S) 

= -g($pO, + g(X,<S> 2 (X)) 

= -2g(X,X) ^ 0. 

This shows £ p G D p + [X, D] p and hence we obtain T p S = D p + [X, D) p . 

As in the case of Riemannian geometry, every normal geodesic is locally a unique 
length minimizing curve. By the fact that D is strong bracket generating, Strichartz 
proved that Hopf-Rinow type theorem for the sub- Riemannian manifold (S, D, gjj) 
still holds, i.e., any two points on a complete Sasaki manifold can be joined by a 
length minimizing normal geodesic (See [16] and [17]). 

Remark 3.4. The assumption that D is strong bracket generating is essential. In- 
deed, for a sub-Riemannian manifold (S,D,g]j) such that D is not strong bracket 
generating, the Hopf-Rinow type theorem does not hold in general. There is some 
examples of length minimizing horizontal curves which are not normal geodesies. 
These examples can be seen in [13]. 

3.2. Second Variational formula. For each p,q G S, consider a functional Ed ■ 
Cl{p, q,D)->M defined by 

1 r l 

E D {l) := - J o 9 m),i(t))dt, 

which is called the energy of a horizontal curve 7. It is well known in Riemannian 
geometry, for a constant speed horizontal curve 7, 7 minimizes the length functional 
Ld '■ Ct(p, q, D) — > R if and only if it minimizes the energy functional. In particular, 
a length minimizing normal geodesic joining p to q is a energy minimizing curve. 
We shall give a second variational formula of the energy functional on Cl(p,q,D) 
for a normal geodesic. In this subsection, we assume that every curve 7 is regular, 
that is, 7 is smooth and |7(f)| 7^ for all t G [0, 1]. 

Recall that a variation of a smooth curve 7 : [0, 1] — > S is a smooth mapping 
/ : (-£,£) x[0,Z] S which satisfies /(s,0) = 7(0), f(s,l) = 7(7) and/(0,t) = -y(t). 
A smooth vector field V(t) along j(t) is called a variation vector field of 7 if it 
satisfies V(0) = V(l) = 0. Given a variation f(s,t) of 7, we can construct a 
variation vector field V(t) by V(t) := §j(s, f)| s =o- Conversely, for each variation 
vector field V(t) of 7, there exists a variation f(s, t) of 7 whose associated variation 
vector field is V(t). 

For a horizontal curve 7 G ft(p,q,D), let f(s,i) : (—e,e) x [0,1] — > 5 be a 
variation of 7. A variation f(s,t) is said to be admissible if S£ G D for each 
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(s,t) £ (— e,e) x [0,1]. Similarly, a variation vector field V(t) of 7 is said to be 
admissible if there exists an admissible variation /(s, t) whose variation vector field 
is V(t). A similar argument of Ritore and Rosalcs in [15] tells us that the set 
TjQ(p, g, D) of all admissible variation vector fields of 7 is given by 

(8) T,n( P , q, d) = iv(t) £ r 7 n(p, q ) | ^g(v(t),Q = 2 g (v(t),m(t))) 

where T 7 f2(p, g) is the set of all variation vector fields of 7. 

Proposition 3.5. Let 7 : [0, 1] — > S be a normal geodesic. For each admissible 
variation f(s,t) of^, define Ed (s) := E]j(f(s, t)). Then 

(9) E' D {0) = - [ g(V 7 V W) V W) V + R(V 7 j(t))j(t))dt 

Jo 



2«o / {v(V)g(V,i(t))+g(V^ t) V,$(V))}dt. 



Proof. At first, we have 



„, , 1 d 2 r l fdf df\ 



2 ds 2 \dt 7 dt 

ds J \ds dt' dt J 

± f l (D_dJ_ df\ 
ds J 9 \dtds' Dt) 



ds J Q \dt \ ds ' dt J \ ds' dt dt 



dsdt \ds' dt 



v ds ds' dt dt J Jn \ds ds dt dt 
By summing the first and third terms, we obtain 

*(»m*-l',(»t°g°r ] * 



dsdt \ds : dt J J ' \ <9s ' ds dt dt 

_ g \d~s'JtJtJ~s + ( J~s'W^i) 
and hence 

im\ t fdf DDdf df df df\ 

(10) Ed{s) = -J q 9 [to> dtdtdl + m ] Tt ) dt 

1 g(- d J- -?L)dt 

\ds ds' dt dt J 

We shall now calculate the second term of (10). Because 7 is a normal geodesic, 
for the integrand we have 

(11) 9(~, J t %)\*=° = 9(VvV, V 7(t)7 (t)) = -2a g{V v VMi{t))) 
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by substituting to s. To integrate both sides, notice that 
d 2 ( ,df.\ d f (D df\ ( Ddf. 



V^dsV ds \ 9 \dt^ ds ) +v( -dt ds' 
d J (D df\ Ddf 

n d ( (D , df 
2 T 3 ^' 



ds \ V dt ds 



Furthermore, by 



\ \ds dt ' ds 

(DD df \ = (D df df\ 
\dadt*'ds) g \ds K dt h ds) 



,D Ddf 

dt 1 ds ds 



ds J { dt'' ds) + 9 \ \ds dt)' ds 
.df, (df df\ ,df s (df df 

= ? % )ff U^y at 

f~{Ddf\ df 

= ~ 7l{ Ts )9 (S'f) +5 ( $ U^)'i 

we obtain the following equality; 

D Ddf 

dt ' ds ds 

Since §j(s, 0) = §f (s, Z) = 0, the integration of both sides of the equality (12) with 
respect to t leads us the following equality; 

* /£> Ddf\ , f l ,df, (df df\ (^(Ddf\ df 



dt ' ds ds ) J ds \ ds ' dt J \ \ dt ds J ' ds 
In particular, by substituting to s, we have 

(13) f g($(j(t)),V v V))dt= [ r)(V)g(V,i(t))-g($(V^ t) V),V)dt 



= / v(V)g(V,j(t))+g(V m V^(V))dt. 
Jo 

Combine the equality (10), (11) and (13), we obtain 

KM = ~ I 9(V,V m V m V + R(V,j(m(t))dt 



+2a / {v(V)g(V,i(t))+g(V m V t $(y))}dt, 
Jo 

which is the desired formula. □ □ 
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3.3. A proof of Theorem 3.1. Our proof of Theorem 3.1 is based on the classical 
proof of Myers' theorem. 

Let p, q be an arbitrary pair of points of S and 7 : [0, 1] — * S be a minimiz- 
ing normal geodesic joining p to q (Since (S, g) is complete, such a normal ge- 
odesic always exists). We may assume that |7(i)| = 1 for all t £ [0,1]. Then 
7 is a minimizcr of Eo : il(p,q,D) — > M and hence E'j^iO) > for each ad- 
missible variation f(s,t) : (— e,e) x [0,1] — ► S of 7. Choose tangent vectors 
X\,--- ,X 2 ( n -i) £ T p S such that {Xi, ■■ ■ , X 2 ( n _i), 7(0), $(7(0))} is a orthonormal 
basis of D. For each i = 1, ■ • • , 2(n — 1), consider the following linear differential 
equation for Xi(t) £ D^m defined by 

VT (t) Xi(t) = V m Xi(t) - g(Vut)Xi(t),Z)Z = and X z (0) - X { . 

By existence and uniqueness theorem for linear ordinary differential equations, there 
is a unique global solution Xi(t) £ D, t £ [0, I]. 

Lemma 3.6. {Xi(t), ■ ■ ■ , X 2 („_i), 7(i), $(7(t))} is a orthonormal basis ofTj^S 
for all t G [0,1]. 

Proof. First note that g{-y(t), j(t)) = ff($( 7 (t)), $( 7 (t))) = 1 and ,g($( 7 (t)), 7 (t)) = 
0. Furthermore, since g(Xi,Xj) = ^ and 

*,•(*)) = 5 (^x,(t) ) x J (t)) + 5 (x i (t),^x J (t)) 

we see that g(Xi(i), Xj(t)) = Sij for each t £ [0,1]. Hence it is sufficient to show 
that Xi(t) is perpendicular to both j(t) and $(7(£)). 
Define 

/(*) = t (fi(t),f2(t)) = '(giMt^mgiMtlHiit))))- 

Then, we have 

^ = ^5(^i(*),7(*)) =9(^ it) X i (t),^(t))+g(X i (t),V w) -y(t)) 
= -2a g(X t (t),4>(j(t))) = -2a / 2 (t), 

and 

^ = ^ 5 (^(i),$(7(i))) = 5(v W )X i (t),$( 7 (t))) + ff (x<(t), v m Hi(t))) 

= 2a Q g(X l (t),j(t)) = 2ao/i(t). 

Thus the function /(t) = t {fi{t),f2(t)) satisfies the following ordinary differential 
equation; 

' *'<« - ( I " 2 ;° ) /«. 

/(0) = { (0,0). 

This shows that /(t) = for all t £ [0, 1] and hence we obtain the desired result. 

□ □ 

For each i = 1, • • • , 2(n - 1), define ft(t) := sin (^) and Vi(i) := h(t)Xi(t). 
Since -Xj(i) G D is perpendicular to $(7(4)), we see that Vi(t) £ T^Q(p,q,D). Let 
fi(s,t) be an admissible variation of 7 whose variation vector field is Vi(t). Let us 
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calculate the second variation £^,(0) = j^E]j(f i (s,t)) > explicitly. Note that 
since Xi(t) G D and VL t) Xi(t) = we have v(V t (t)) = and 

g(V w) Vi(t), $(K(*))) = h(t)g(h'(t)Xi(t) + h(t)V^ t) Xi(t), $(Xi(t))) 

= h(t)ti{t)g{Xi{t), *(*,(*))) + ft 2 (t) 5 (V^ (t) Xi(i), HXi(t))) 

= / l (t)/ l '(t)d7 ? (Xi(t),Xi(t)) + /l 2 (t)ff(V?' (t) X i (t),$(Xi(i))) 

= 0. 

Hence for (£) we have 

(14) ££(0) = -/ ff^.V^V^K+^jWhW)^- 

./o 

Now we can calculate easily 

Vj(,t)Vj(t)Vi(t) = (h'(t)Xi(t) + h(t)V^ t) Xi{t)) 

= V W) {h'(t)Xi(t) + h(t)g{V^ t )Xi(tUH) 
= h"(t)Xi(t) + h'g(V i{t) Xi(t),^ 

Since Vi(t) is perpendicular to both £ and $(7(i)), we obtain 

9-7T 97T^ 

(15) 9(Vi(i),V^( t) V 1(t) ^(*)) = h(t)h"(t) = -(_) 2 sin(— ). 
Similarly we have 

(16) ff (^(t), R(Vi(t),i(tmt)) = sin 2 ( — )g(X 4 (t), (t), 7 (t))7(*)) 

= s in 2 (^)R(X i (t),j(t),j(t),X i (t)) 

= s in 2 (—)R T (X i (t),j(t),i(t),X i (t)) 

by equation (1). By substituting (15) and (16) to (14) we obtain the following 
inequality; 

(17) o < EUo) = / sin2 (^f) {(y) 2 ~ R T (Mt)Mt)Mt),Xi(t))} dt. 

Next define 

V(t) :=h{t)$(rt(t))+k(t)Z 

for smooth functions h(t),k(t) : [0,1] -> R with /i(0) = h{l) = fc(0) = fc(Z) = 0. 
Then the condition (8) implies that V(i) G T 7 ft(p, g, D) if and only if k'(t) = 2h{t). 
We suppose that h(t) := sin( 2 j^) and fc(i) := -(1 — cos( 2 -p)). Then we can easily 
check that k'(t) = 2h{t). At first we have 

V m V(t) = V m h(t)$(<y(t)) + V 7(t) fc(*)£ 

= ft'(*)*(7(t)) + &(*) {(V +(t )*)(7(*)) + *(V^ W 7(*))} 

+ + *(*)*(7(*)) 
= ft'(t)$(7(*)) + M*) (-£ + 2a o7 (*)) + + *(*)*(7(*)) 
= (fc'(i) + fc(t))$( 7 (t)) + + 2a h(t)j(t). 
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In addition, by differentiating again we have 

((h'(t) + fc(t))*(7(*))) = (h"(t) + V(t))*W)) + W) + k(W m $(<y(t)) 

= (h"(t) + k'(t)Mj(t)) 

+ (fc'(t) + *(*))(-£ + 2a 7(t)) 

= (h"(t) + k'(t)Mj(t)) 

- (h'(t) + k(t))£ + 2a Q (h'(t) + k(t))j(t), 

and 

V m 2a h(t)j(t) = 2a (h'(t)j(t) + h(t)V m j(t)) 

= 2a h'(t)j(t) - (2a ) 2 h(t)$(i(t)). 

By combining them we obtain 

V 7(*) V 7(*)^W = ( h " (*) + 3 M0 ~ (2a ) 2 /i(t)) $(<y(t)) 
+ 2a {2h'(t) + k(t))j(t) - fc(t)£ 

and hence 

(f 8) ff(V(t), V-v( t) V-v (t )V(t)) = (/*"(*) + 3/*(t) - (2a ) 2 /i(i)) - fc 2 (i). 

For the curvatures we have 

(19) 

g (v(t),R(v(t),mm = h 2 (t) 9 ^m)),mm))Mm(t)) 

+ 2h(t)k(t)g($(j(t)),R(£,j(t))j(t)) 

+ k 2 (t)g(Z,R(ZMt)W)) 
= h 2 (t)R(<t>(i(t)), 7(t), j(t), $( 7 (t))) + fc 2 (i). 

= /i a (t)fl T ($(7(t)), 7 (t), 7(*), *(7(*))) - 3ft 2 (t) + fc 2 (t). 

By substituting (18) and (19) to (9), we obtain 
(20) < £&(0) 

= - / (h"(t) + 3/i(i) - (2a ) 2 /i(t)) - k 2 (t)} dt 

Jo 

[ {h 2 (t)R T ^m) 7 j(t),^t)^(j(t)))-3h 2 (t) + k 2 (t)}dt 

Jo 

- (2a ) 2 f h 2 {t)dt 
Jo 

= f {h(t)h"{t) + h 2 (t)R T (3>(j(t)), 7 (t), 7 (f), *( 7 (t)))} 
Jo 

= jf sin 2 (^) |(^) 2 - i? r ($( 7 (t)) l7 (i) )7 (i), *(7(*)))} 
Finally, by summing (17) and (20), we obtain 

< J' sin 2 (^) {(y ) 2 (2n - 1) - ffic T ( 7 (i), 7 (*))} 
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Furthermore, by assumption Ric T > rg 1 



0<^sin 2 (^)|(^) 2 (2n-l)-r^i. 



This shows that < (^f) 2 (2n - 1) - r and hence 



I2n - 1 

do(P, q) — l < 2n\ 



Hence we obtain diam(S', djj) < 27ry r and this completes the proof of Theorem 
3.1. 

4. A proof of Theorem B 

4.1. Generalized Aubin's equation. In this section we give a proof of Theorem 
B. Our proof is based on the arguments of Bando and Mabuchi in [2]. Throughout 
this section, we denote (S,g) by a (2n + l)-dimensional compact Sasaki manifold 
with cf(S) > and c\{D) = and S = (g, £, 77, $) by the associated Sasakian 
structure. By assumption, we may assume [p t ]b = (2n + 2)[lo t ]b- Put S"(g) to 
be the set of all Sasaki metric on S which is compatible with g and := {(p G 
Cb(S) I (9fj + dzid?J ) ^ s positive definite}. Clearly g v G y{g) for each ip G Jf. 
We denote by $ the set of all Sasaki-Einstein metrics in S^(g). Throughout this 
section, we assume $ ^ (f>. 

Let V := J s (^dri) n A 77 and define the functionals L v , M v , I v and J v on Jf? by 



Vj a 7s^2 

M v {ip) := ~j dtj ip t { S T (tp)-n{2n + 2))(±dr, Vt ) n A Vipt , 

where {<pt \ t G [a, 6]} is an arbitrary piccewise smooth path in such that y> a = 
and (fib = <p. These are the "Sasaki version" of the functionals defined on the space 
of Kahler potentials in [2] and have the similar properties to those. The precise 
definitions and basic properties can be seen in the Appendix. 

Since [p t ]b = (2n + 2)[uj t ]b, there exists a unique basic function h G C^(S) 
which satisfies p T - (2n + 2)uj t = y^Td B d B h and J s (e h - l){\drj) n A 77 = 0. 
Consider the following one-parameter families of equations; 

det(g T -, + Jtyfa) 
(21) 7 . 9 T \ 9z =exp(-t(2n + 2)Vt + fe); *e[0,l], 



det( ff p 



det(^ 



(22) det( g ?)'^ = 6Xp( ~ t(2n + 2)tpt ~ L ^ Vt) + ^t ' 1 !' 

where solutions r/)f an d are both required to belong to M '. Note that, for both 
equations, these are just the transverse Kahler-Einstein equation at t = 1. As a 



16 



YASUFUMI NITTA AND KEN'ICHI SEKIYA 



remark in [2], there is no difference between (21) and (22) in finding solutions for 



Remark 4.1. Choose an arbitrary t E [0, 1]. Let tpt (rcsp. (ft) be a solution of (21) 
(resp. (22)) and g t be the Sasaki metric corresponding to the Sasaki structure r\^, t 
(resp. rj Vt ). Then g t satisfies pf = t(2n+2)wf +(1 — t)(2n + 2)uj T , and in particular 
we have pf — t(2n + 2)ujf > 0. Furthermore if t ^ 0, then pf — t(2n + 2)<Jf is 
strictly positive. 

We first consider the existence of the equation (22) at t = 0. For the equation 

(21) , a result of El-Kacimi-Alaoui [5] guarantees the existence of a solution at 
t = 0. Then the existence and uniqueness of a solution of the equation (22) follows 
immediately. 

Theorem 4.2 (El Kacimi-Alaoui, [5]). If t = 0, then the equation (21) has a 
solution which is unique up to an additive constant. 

Corollary 4.3. The equation (22) has a unique solution tpo at t = 0. The solution 
ipo satisfies L n (tpa) = 0. 

Proof. Take any solution i[! £ Jj? of the equation (21) at t = and define (po := 
ipo — L v (ip ). Then it is easy to check that (po is a solution of the equation (22). 
This proves the existence of a solution of (22). Furthermore, for any solution tpo of 

(22) we have 



Js * 

This shows that L v (ipo) = 0. Therefore, ipo is also a solution of equation (21) 
at t = 0. Now the required uniqueness now follows from Theorem 4.2 and that 



For each tp G Jtf, we denote by \3 V := DB,g the basic complex Laplacian with 
respect to the Sasaki metric g v . The following proposition shows the local extension 
property of solutions of (22) for t E [0, 1) (see also [18]). 

Proposition 4.4. Let < t < 1. Suppose that the equation (22) has a solution 
tp T at t — t. Then for some e > 0, ip T uniquely extends to a smooth one parameter 
family {<p t | t € [0, 1] H [r - e, r + s]} of solutions of (22). 

Proof. Let 2 < k E Z and fix a g R with < a < 1. Let C% a (S) be the set 
of all basic functions which belong to C k,a (S), and Jff k,a be the open set of all 
functions ip g Cg a (S) satisfying that (g^ + Q§r§gj) is positive definite. Define 



t ^ 0. 




□ 



□ 



r : Jf k < a x R -> C 



ik-2,a 
B 



(S) by 
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Then its Frechet derivative D V T with respect to the first factor at (p, t) is given by 
D v T{tl>) = (-□„ + t(2n + 2))tl) + ^ J ^{\dr, v ) n A Vv 

for each ip £ C^ a (S). Note that, by the well-known regularity theorem, we have 
p 6 Cf(S) for every (p>, t) G JT k > a x R whenever r(<p, t) = 0. Since r(<^ T , r) = 0, 
an application of the implicit function theorem now reduces the proof to showing 
that D V T is invertible at (tp T , t). There are the following cases. 
Case 1: t = 0. Then D V T at (vo,0) is given by 

If 1 



which is invertible. 



Case 2: r ^ 0. First note > r(2n + 2)wJ t by Remark 4.1. Then the 
similar argument of Lichnerowicz [10] tells us that the first positive eigen- 
value of □ ¥ , T is greater than r(2n + 2) (see also the proof of Theorem 2.4.3 
in [6]). This shows that D ip T\^ ipr T j is invertible. 

□ □ 

Remark 4.5. A Hamiltonian holomorphic vector field X is said to be normalized if 
the Hamiltonian function ux satisfies that 

Ux e h {\dr,) n A r? = 0. 
s 1 

For any X G f), there exists a constant c such that X + c£, is normalized Hamiltonian 
holomorphic vector field. We denote by f)o the set of all normalized Hamiltonian 
holomorphic vector fields. If f)o = {0} and r = 1, the result of Futaki, Ono and 
Wang (cf. Theorem 5.1 in [7]) tells us that ker(D vl - (2n + 2)) = f) = {0} and the 
first positive eigenvalue of D Vl is greater than 2n + 2. This shows that D V T\^ 1 ^ 
is invertible. Hence we obtain that Proposition 4.4 still holds for the case that 
f)o = {0} and t = 1. 

Next we shall give a bound for solutions of (22). By El Kacimi-Alaoui's gen- 
eralization of Yau's estimate [19] for transverse Monge- Ampere equations, the C°- 
cstimate for solutions p of (22) implies the C 2 ' "-estimate for them. First of all, we 
give a bound for the oscillation oscs^ = sup s p — infg p for <p> G Jtf . The following 
proposition is proved by the same way as Kahlcr geometry 

Proposition 4.6. Let p G . We assume that there exists real constants A,5>0 
such that 

IMIlw(~-u < A\\d^\\ L 2, su\\h < ll#ll£ a 

for every basic function ip G Cg'(S) which satisfies J s ipdV g = 0. Moreover, suppose 
that 



/ det(o T 7 ) 



/or some constant B > 0. TTien i/iere exists a real constant C > depending only 
A, 5 and B which satisfies 

oscsp < C. 

Proposition 4.6 has the following important implication. In our proof. Theorem 
A is essential to obtain a bound for the infimum of basic functions ip G Jrff. 
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Proposition 4.7. Let G = G n be the Green function of the initial metric g and 
K be the real constant which satisfies inf G > —K. For ip G J{f, assume that 
P^p > t(2n + 2)w^ for some t G (0, 1]. Then there exists a positive constant 7 > 
such that 



osc S ip < I v (tp) + 2n (kV + 7^ 



(27r) 2 (2n- 1) 



t(2ra + 2) 

where Vq '■= V/nl is the volume of (S,g). 

Proof. First we observe that, by the identity \dr\ v — \dr\ + \J— IObBb^P, we have 

□o</? < n and O^ip > — n. 

Since the basic Laplacian coincides with the restriction of the Riemannian Laplacian 
to C%°(S) (cf. Proposition 2.7), we have 

ip(p) f ipdV g + [ (G(p,q)+K)(A <p)(q)dV g (q) 



V 

= yf v{\dnT A r, + j {G(p, q) + K)(2U y){q)dV g {q) 

<^J s ^dr,) n Ar) + 2nKV . 

This leads the following estimate for ip; 

(23) sup <p < 1 / ip{\drf) n At] + 2nKV . 

s v Js 2 

On the other hand, by using the Green function G v of g v we have 

<P(P) = T7 I VdV 9v + f(G v (p,q) +K v )(A vV ) (q)dV gv (q) 
J S •* s 

= VJ S ^\ d VvT A V V + J(G v (p, q) + K v ){2U v ip){q)dV gtp (q), 

where K v = sup(— G v ). Since Ric T > t(2n + 2) by assumption, we have Ric > 
t(2n + 2) — 2 > —2. Then Theorem 3.2 in [2] tells us that there exists a positive 
constant 7 > which depends only n and satisfies 

If 1 

V(p) >T7 vi^VvY A ~ 2n7diam(S , ,5 ¥ ,) 2 . 



V Js v 2 
Moreover, by Theorem A we have 



2n — 1 

diam(S', g v ) < 27rW — - — . 
Hence we obtain 

(24) inf> > 1 J V ( l -d^Y A V V - 2n 7 ( ^ )2( f ' 1} 

and hence 

(27T) 2 



(25) oscs<p = sup ip — inf if < I n (ip) + 2n KV + (2n — 1)7- 

s s V. t 

by inequalities (23) and (24). □ 

We then see that a bound for I v on solutions of (22) implies a priori C°-estimate 
for solutions. 
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Proposition 4.8. Let (fit be a solution of (22) at t and A > be a constant which 
satisfies 

I v (<pt) < A. 

Then there exists a real constant C > depending only A, n and the initial metric 
g which satisfies 

sup tp t < C. 

s 

Proof. By Proposition 4.7, there exists C\ > which depends only A, n and the 
initial metric g such that 

(27r) 2 (2n- 1) N 



t{2n + 2) 

where Kq is a constant which satisfies inf > — Kq. By integrating both sides of 



toscsft < t [ I v (<p t ) + 2n ( KqVq + 7- 
is a 

(22) we have 



1 



1 



and hence 
(26) 



exp(-t(2n + 2)tp t - L v (p t ) + h){-dr,) n Ar)= {-dr,) n A r) 



-t(2n + 2)(p t (pt) - L v (<pt) + h( Pt ) = 



for some pt £ S. Then there exists a constant C2 > which depends only A, n and 
the initial metric g such that 

I - t(2n + 2)<p t (p) - L n {ip t ) + h{p)\ < \t{2n + 2)cp t (p t ) - t(2n + 2)ip t (p)\ 

+ \h(p) - h( Pt )\ 

< t(2n + 2)oscs^t + 2 sup \h\ < C 2 

s 

for each p £ S. This shows that 



sup 

s 



, det^ + ^f,; 
log- 



det( ff p 



|exp(-t(2n + 2)<p t - L v (<p t ) + h)\ < C* 2 



Hence by Proposition 4.6 there exists a constant C3 > such that 
(27) osc s ^ < C* 3 . 

For p t defined above we have 



\L v (tp t ) - ifit(pt)\ 



1 



1 



V J ds I (Vt - <Pt(Pt))(7; d V SVt ) n 



< 



1 



ds I oscsft{^dri sl p t ) n A 77 



V 

= OSCs^t < C3. 

Then by combining (26), we obtain 

{1 + t(2n + 2)}\<p t {p t )\ < \ Vt {p t ) - L^cpt) + h( Pt )\ 

< \<Pt(pt)-L v (ip t )\ + \h(pt)\ 

<C 3 + sup \h\ 
s 
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and hence 



sup^t = oscs^t + inf (ft < osc s ip + <ft{pt) < 2C 3 + sup \h\ 
s s S 



If we put C := 2C3 + sup s \h\, then it depends only A, n and the initial metric g, 
and satisfies sup s if t < C. This completes the theorem. □ 

To obtain a bound for I n , we need to see the behavior of M n along the solutions 
of (22). The following lemma asserts that M v is non-increasing along the solutions, 
whose proof can be given as in [2]. 

Lemma 4.9. Let {if t \ t £ [0, 1]} be an arbitrary smooth family of solution of (22). 
Then 

= -(1 - t)(2n + 2)± JrM)) < 0. 

Combining Proposition 4.8, Lemma 4.9 and Proposition A. 3, we obtain the fol- 
lowing result. 

Theorem 4.10. Let < r < 1. Then any solution tp T of (22) at t = r uniquely 
extends to a smooth family {ft \ t £ [0, t]} of solutions of (22). In particular the 
equation (22) admits at most one solution at t = r. 

In particular, if fjo = {0} then there exists at most one Sasaki-Einstein metric of 
S which is compatible with g by Remark 4.5 and Theorem 4.10. 

proof of Theorem J^.IO. First note that a smooth family {f t \ t £ [0, r]} of solu- 
tions of (22) is unique if it exists because of the implicit function theorem and the 
uniqueness of solutions of (22) at t = 0. Hence it is sufficient to show that a solution 
ip T of (22) at t — t can be extended to a smooth family {<p t | t £ [0, r]} of solutions 
of (22). We therefore assume, for contradiction, that any such extension is impos- 
sible. Then by Proposition 4.4 we have a maximal smooth family {<p t \ t £ (cr, r]} 
of solutions of (22) for some < a. In this proof we always denote by t £ R a real 
number satisfying a < t < r. For arbitrary solution ipt wc have 

Iriift) <(n + l) (In&t) - Jri(<Pt)) <(n + l) {I n {<p r ) - ^OPt)) 
by Lemma 4.9 and Proposition A. 3. In particular, there exists a constant A > 
which is independent of t such that Iri(ft) < A. Hence by Lemma 4.8, there exists a 
constant C > which depends only A, n and the initial metric g such that sup^ tpt < 
C. By El Kacimi-Alaoui's generalization of Yau's estimate, we can find a constant 
C\ > such that ||<p t || C 2, a < C\ for all t £ (cr, r] and fixed a £ (0,1). We now 
choose an arbitrary decreasing sequence {tj}°° =1 C (cr, r] such that lim^oo tj = a. 
Then by Arzela-Ascoli's theorem, there exists a convergent subsequence of {ft^^jLi: 
which leads to a contradiction to the maximality of {ipt | t £ (cr, r]}. □ □ 

4.2. Solutions at t = 1. Next we mention at t = 1. By assumption, § 7^ c6 and 
hence the equation (21) has a solution at t = 1. We begin the following lemma. 

Lemma 4.11. Let {vt}*e[o,i] ^ e a smooth family of solutions of equation (21). Put 
if := if 1 and rjsE '■= V<p- Then 

(28) f ^{Ur] S E) n AvsE = 

j s 

for each if> £ ker(D5B — (2n + 2)), where Ose is the basic complex Laplacian for 
the Sasaki-Einstein metric gsE = gip- 
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Proof. By differentiating the logarithms of both sides of equality (21) at t = 1, we 
obtain 

(D SE - (2n + 2))&| t= i = (2n + 2)^. 
Then the lemma follows immediately. □ □ 

Consider the G-action on <?. Let O be an arbitrary G-orbit in § . For each 
9se £ we can uniquely associate a function 93 = <p(gsE) G such that = 
and ip satisfies the equation (21) at t = 1. Hence we can regard O as a subset of 
the set of all solutions of the equation (21) at t = 1 in By the identification, 
we endow O with the topology induced from the G 2,a -norm on C^(S). Then 
the G-action on O is clearly continuous. Hence the topology on O coincides with 
the natural topology of the homogeneous space O = G/K gsE , where K gsE is the 
isotropic subgroup of G at g$E ■ For each ip £ kei(DsE — (2n+2)) we have associated 
normalized Hamiltonian holomorphic vector field X^,; 

oz l oz l 

for a foliation coordinate (xo,zi,- • • , z n ) (see Theorem 5.1 of [7]). Let /^, jt be a 
corresponding one-parameter group; f^.t = exp(tX^), where X* is the real part of 
X^. We put gsE(t) := f^ t 9SE and 99 (t) := <p(gsE{t))- Then we can check easily 
that 93(0) = ip + C f° r some Cel. On the other hand, since 93(2) satisfies the 
equation (21) we have Ose<p{0) = (2n + 2)93(0) by differentiating the equality (21). 
This shows that G = and hence 93(0) = ip. 

Conversely, for each smooth curve g(t) £ O with g(0) = gsE, take the corre- 
sponding smooth functions <p(t) £ Jrff. Then we have Ose<P(0) = (2n + 2)99(0) by 
differentiating the identity (21). Thus we obtain 

T gsB 0^ker(n S E-(2n + 2)). 

Define l := (I v — J v )\o (> 0) : O — » R. The basic properties of t are as follows. 

Lemma 4.12. Let £ O. Then the fallowings are equivalent. 

(1) gsE is a critical point of i, 

(2) tp(gsE) satisfies the condition (28). 

This is immediately from (43). The following lemma shows the existence of a 
minimizcr of l. 

Lemma 4.13. The functional u is proper. In particular, its minimum is always 
attained at some point of the orbit O. 

Proof. Let gsE £ O with \i(gsE)\ < t for some r > 0. Then by Proposition A. 3 we 
have I 71 (f) < (n + l)r for 93 := <p(gsE)- Since = (2n + 2)wJ, we have 

0SCS93 < C r 

by Proposition 4.7, where K := sup(— G v ) and 

C r = (n + l)r + 2n(KV 0+1 ^-V ). 

On the other hand, from (21) we obtain 

/ (Ur,) n A V = f (U Vv ) n Ari v = [ exp(-(2n + 2)<p + h)(U V ) n A r, 
J S J S J s 
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and hence (2n + 2)cp(p) = h(p) for some p £ S. Hence we obtain 

sup ip = oscsp — inf ip < oscsp — (p(p) 
s s 

Hp) 1 

= osc s p - - — — < oscs^ + - — — sup \h\ 
2n + 2 Zn + 2 s 

< C r + 1 SUp|fe|. 

2n + 2 s 

Thus if we put C], :— C r + 2rt 1 +2 su Ps I' 1 1 we have su Ps f < • Then the result 
follows from El Kacimi-Alaoui's generalization of Yau's estimate [19]. □ □ 

Then we shall calculate the Hessian of I at a critical point. For the proof, we 
need the following formula for g$E € $ , which is shown by the same calculation as 
Kahler geometry (see [2] and Theorem 5.1 in [7]); 

(29) n SE (d B ^,d B ip') = -(d B B B ^,d B d B ip') + (d B (a S Ei'),d B ^), 

for any <p' £ kcT(D SE — (2n + 2)) and V S ^^(5), where (-,-) is the natural 
Hermitian pairings on basic forms induced from the transverse Kahler metric gg B - 

Lemma 4.14. Let g$E £ O be a critical point of i. Then the Hessian (Hess i) g3E 
of I at gsE is given by 

(Hess t) gsE {ip',v") ^^V^JX 1 ~ \ UsE ^) yV"(^^)"A^ 
for each tp' , ip" £ kei(D se — (2n + 2)) = T gsE 0, where tp := <p{gsE)- 

Proof. Let {tp s ,t I x ( — £ i £ )} be a smooth family of functions satisfying the 

following conditions; 

g Ve t £ O, Ifoo = <P, — ^ \s,t=0 = V , — KT- U,t=0 = V ■ 

os at 
We shall denote □ ¥ , s t by D Syt for brevity. Since tp S)t satisfies (21), we obtain 

(30) (_□ + ( 2n + 2))%i=0 

at 

by differentiating the equation (21) with respect to t. Further differentiation with 
respect to s yields 

(31) _(a B& ^,a,a B ^) w + (-n„, + (2„ + 2 ))(^)=o, 

where (•, -) Si t is the natural Hermitian pairing on complex basic forms induced from 
the transverse Kahler metric g^ s t . By evaluating this at (s, t) = (0, 0), we obtain 

{-U SE + (2n + 2)) {j^fj U,*=o = (d B B B tp', d B B B p") Q Q 

= -D SE (d B (p' ,d B p") ,o + (d B DsEp' ,d B tp") ,o 
= {-n SB + (2n + 2))(d B <p',d B <p"} ,o- 



This shows that 



d 2 p s 



+ \,,t=o = (d B (f', d B tp"} ofi (mod ker(-D SE + (2n + 2)) ® C) 
osot 

= {d B tp", d B tp') 00 (mod kcr(-D SjB + (2n + 2)) ® C). 
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Now we can calculate the Hessian of i 
d 2 
dsdt 



(Hess C)g 3B {tp',<p") = 777^7 (-^(w) - Jv(fs,t)) \a,t=o 



r ^^(Un^XA^Ju^o (cf. (30)) 



ds { V J s r ' dt y 2 
2n + 2 f , „ 1 
_ ~ is (3^) A % 

2ti + 2 f d 2 <p s . t 1 



V Js^ dsdt v 2 

2n + 2 f 1 

— — / tp(p"n S E<p' A (-<%,)" A n v 

2n + 2 f , „ . , 1 



<p'(p" A{-dT] v ) n At] v 
v Js L 

2n + 2 f (d B <f/,d B <(/') .o + (dB<(/',dB<p') Q .o , ,1 , ,„ A 

P ! — A(-d?^) A 77,, 



2n + 2 



r 



□ □ 

The following proposition is crucial for our proof of Theorem B. 

Proposition 4.15. For every critical point gsE G O of 1 with non- degenerate 
Hessian, (p\ := <p(gsE) can be extended to a smooth family {tp t \ t £ [1 — £, 1]} of 
solutions of (21) for some e > 0. 

Proof. Put L 2 B (S;g SE ) to be the closure of Cf (5) in L 2 (S;g SE )- Let W := 
ker(D ¥ , 1 — (2n + 2)) and P be the orthogonal projection from L B (S; gsE) to W. 
Fixing a £ R with < a < 1, define to be the intersection of the orthogonal 

complement of W and ^'"(S 1 ), for k = 0, 1, 2, • • • . Recall that (pi belongs to W^ a . 
Let k > 2, and consider the mapping 



/ det(o 3 



d 2 v 



* : Kx^> a (S) -> C h B ~ 2 ' a (S), 9(t,<p) := log f Jet^) J +*( 2n+2 )V-k 

Note that, by the well-known regularity theorem, any y> € Jtf? ' a satisfying ^(i, ip) = 
is automatically smooth. For each <p £ M' k ' a {S), we write 

(p = <pi + ip + 6, 

where ip := P((p — <p\) £ W and 9 := (1 — P)((p — <fx) £ W^r a . Now the equation 
(32) *(*,¥>) = 
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is written in the form 

P^{t,i Pl +^ + 9) = 0, ¥o(t,V,0)=O, 

where is defined by 

*oM,0) := (l-P)*(t,pi+^ + 0). 

Then clearly \I/o(l,0,0) = and the Frechet derivative ■De , J , o|(i,o,o) °f with 
respect to 9 at (t, ip, 9) = (1, 0, 0) is 

A?*o|(i,o,o)(0') = (-Osb + (2n + 2))0', 

which is invertible. Hence by the implicit function theorem we obtain a smooth 
mapping U 3 (i, ip) i-> 0^ G of a neighborhood U of (1, 0) G K x W to W^ Q 

such that 

(1) 0i,o = 0, 

(2) || ^,.0 II c fc <° < 8 on U for some (5 > and 

(3) ^o(t,ip,9) = (where ||0|| C k, Q < S) is, as an equation in 9 G C B ' a (5), 
uniquely solvable in the form 9 = 0^ on U . 

By differentiating the identity ^o(t, ip, 9 t ^) = at (1,0) we obtain 

(33) {-Use + (2n + 2)) ( j^t,*|(i,o)) = ~0 + 2)^, 

(34) (-D^)l(i,o)(^) = far all V'eW. 

Then the equation (32), on a small neighborhood of ipi, reduces to 

*i(t,V)=0, 

where &i(t,ip) := P^(t,ipi +ip + 6 t ,^) for (i,<0) G £/. Recall that </?) = for 
all Lp E O. Hence $1=0 on {t = 1} and therefore the mapping 

[/| M1 3(i,V)^*2M0 : =Ml^ 

naturally extends to a smooth map on U to W (denoted by the same Vf^)- Note 
that, for t = 1, we have 

Hence, if the Frechet derivative D^2\{i,o) is invertible, we obtain the desired result. 
The Frechet derivative D^2\(i,a) is written in the following form, whose proof is 
given later. 

Lemma 4.16. For each ip 1 , ip" G W, 

A^ 2 |(i,o) WO ' V(\*m) n A Vi = (2n + 2)J (l- \u SE ^j W(±dm) n A r?i 

= ^(Hess t) ffSE (V>',0- 

Then by this lemma, D^,^2|(i,o) is invertible. Hence the implicit function theo- 
rem shows that the equation $2(^1 = in is uniquely solvable in a neighbor- 
hood of (1, 0) to produce a smooth curve {ip{t) | i G (1 — e, 1]} in ker(D,s£ — (2n+2)) 
such that V(l) = 0and\I>2(t,V(*)) =0. Therefore, we have $>(t, ipi+ip(t)+O t! ^) = 
for t G (1 — £, 1] and hence {<^i + tp(t) + 9 t ^M \ t G (1 — e, 1]} is a one parameter 
family of solutions of (21). 
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Finally, we shall prove Lemma 4.16. First we shall show the following formula; 

s 



(35) - / ^(d B d B ^,d B d BV ") vl (^d m r Am 



= f (2n + 2W- (d B <fJ,dB<f/%A(-n vi + (2n + 2))^)(U m ) n A 771 
J s 

for each tp', ip" £ W and ip G Cg 3 (S'). For (35), put C := (-D^ + (2n + 2))V>. Then 
we have 



(2n + 2 W ~ (W, a B¥ >") Vl C(-d77i) n A 77! 



1 

2 l 

-9 B ^Aa B ^")A(i^ 1 )^ 1 A Jj! 
^(IdT?!)"- 1 A 7?! 



s 



^"AG^i)"-^! 

^ij'-AT?! 

1 



= / ^(SbC,^")^ (-<%)" A 771 



<ff(d B (-n vi + (2n+ 2))v,a B ^") V i(2 dj 7i) n A 7 n 
= f cp'{-n vl (d B xlj,d B ^') Vl + (2n + 2)(dB^,d B cp'') v J(Ur 11 ) n Ar 11 

J S 



tp'(d B d B ip,d B d B tp") vl (-di] 1 ) n A 771 



= - J <p'(d B d B ip, d B d B ip") Vl (^dr/i)" A 771. 
This shows (35). Then, by (34) we have 

D^2| (1 ,0)W=A^|(l,0)W>') 



{2n + 2W -p(d B B B (^1(1,0)) ,d B B B ^ 



for each ip' £ W . Hence, it follows that 
D v ,* 2 | (li0) (V,')-V"(^r? 1 )"A77i 



{2n + 2Wr -V' (d B 8 B (^1(1,0)) ,a B B B ^ jc^rAr?! 

(2n + 2) f {W'-((2n + 2)W'-{d B il/,d B tf% 1 )<p}£dTri n Am 
j s 

(2n + 2) [ ( 1 - ±n 8E <p) iH"(\d m ) n A 77! 



)gsE 1 

This proves the lemma. □ □ 



^(Hess SSB (^,V>")- 



26 



YASUFUMI NITTA AND KEN'ICHI SEKIYA 



Remark 4.17. Fix a G-orbit O in $ arbitrary and take a minimizer gsE of L : — ► R. 
Then gs^ is a critical point of t and the Hessian is automatically positive semi- 
definite. We shall realize a critical point for i with positive definite Hessian by a 
small change of the initial metric g. 

For sufficient small 5 G (0,1), define g s := gs Vl , where ipi = <p(gs E ). The 
associated transverse Kahler form is given by {u> s ) T = (1 — S)lu t + Suf — ui T + 
SyZ—ldedBLPi- When the role of the initial metric g is played by the new Sasaki 
metric g s , the Sasaki-Einstein metric gsE = 9vi corresponds to g s s for a basic 
function 

tpl = (l-S)<p 1 + C B , 

where Cs is a constant. Then gsE is a critical point of l s with positive def- 
inite Hessian, where l s denotes the one corresponding to l. Indeed, for each 
ip G kcr(D gsE — (2n + 2)) we have 

J i)(pl{\k) SE ) n ArjsE = (1 - 8) J ip<pi{^dr} SE ) n ^Vse = 

and hence ip\ is a critical point of i" 5 by Lemma 4.12. Moreover, by Lemma 4.14 we 
have 

(Hess it.^/) = ^V^J S i 1 l° SE ^ W(\driSE) n MlSE 
= (l-<J)(Hes8 

+ <5^^^V"(^5 £ ) n Ar, S£ , 

where Dsb is the basic complex Laplacian with respect to the Sasaki metric gsE- 
This shows that (Hess i S ) gsE is positive definite. Hence by the argument in the last 
subsection and Proposition 4.15, tp\ can be uniquely extended to a smooth family 
{ipf | t € [1 — e, 1]} of the equation (21) with respect to the initial metric g s . 

4.3. Proof of Theorem B. Let O' and O" be arbitrary G-orbits in S . Then by the 
argument of Remark 4.17, for a suitable choice of the initial metric go, the function 
i! : O' 3 g' i— > I(go,g') — J(go,g') G R has a critical point <7g B € O' with positive 
definite Hessian. Recall that the function i" : O" 3 g" I(g ,g") — J(go,g") E R 
takes its minimum at some point g'g E G O" . We now put <?q := (1 — S)go + 5g'g E 
for 5 G [0,1]. Again by the argument of Remark 4.17 applied to O" , g'g E is a 
critical point of (l") s with positive definite Hessian whenever 5 G (0,1]. Hence 
by Proposition 4.15, <p'{ := <fi{g'g E ) (with respect to the initial metric g$) can be 
extended uniquely to a smooth family {ip" \ t G (1 — e, 1]} of (21) with respect to 
the initial metric g$. 

We finally consider the functional i' s : O' 3 g' I(g^,g') - J(g^,g') G R. 
Note that t' s converges to i! as S tends to 0. Then for a sufficiently small 5 > 0, 
g' SE is a critical point of with positive definite Hessian. Hence ip^ := p{g' SE ) 
(with respect to the initial metric g$) can be extended uniquely to a smooth family 
{p' t | t G (1 — £, 1]} of (21) with respect to the initial metric g$. By Theorem 4.10 
and the equivalence between the equations (21) and (22) for t G (0, 1], we conclude 
g' = g" . Thus, O' = O" and the proof is now complete. 
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5. Concluding remarks 

Theorem A plays a central role to obtain a priori C°-estimate for solutions of 
the equation (22) (cf. Proposition 4.7). We remark that a similar estimate can be 
obtained without the diameter bound in the following way. Let (S, g) be a (2n+ 1)- 
dimensional Sasaki manifold with Sasakian structure S = {<?, £, Consider a 

solution (ft G of the equation (22) at t. Note that, as shown in Remark 4.1, ipt 
satisfies 

p£>t(2n + 2)a£. 

We introduce a family of contact structures by multiplication of positive constant 
/i, 

(36) V<p t ,n = V^Vvt: 

(37) ^ = A*- 

Then we see that {r)ip ttf i, £p) gives a Sasakian structure with the metric fl^,^ on 5. 
The transversal metric <7^ tjM is given by g^ ttli = /-t _1 .gj t , and the volume form of 
9 Vttt i is given by 

(38) W A (dv^T = ^ {n+1) V Vt A (d Vvt ) n - 

Let A VtiM be the Laplacian with the Green function G Vu ^ and Ric Vtill the Ricci 
tensor with respect to g VttlJ ,- The following is a well-known fact on the Green 
function of compact Riemannian manifolds. 

Fact 5.1 ([2]). Let (S,g) be a (2n+ I) -dimensional compact Riemannian manifold 
with the Green function G(p,q). We assume 

diam(5, g) 2 Ric > —e 2 g 

for a constant e > 0. Then there exists a constant j(n, e) > which depends on 
only m and e and we have 

for the Green function of (5, g) . 

Fact 5.1 has the following implication on the volume and the diameter of {S, g Vt4l ). 

Proposition 5.2. Let (S,g) be a (2n + \)-compact Sasakian manifold and (ft a 
solution of (22) at t. If we set /i = t , then we have estimates of the volume and 
the diameter with respect to the metric g Vu ^, 

Vo\(S,g Vt4l )=t n+1 V 0: 

6iaxn.(S,g Vttli ) < n, 

where V = J s ^{drj) n A rj. 
Proof. Since \i = t~ l , we have 

Vo\{S,g Vt , ll )= [ i(^ t>M ) n A W = /x- ( " +1) / -.(dv Vt ) n ^V Vt 
Js n - Js n - 

-AdnYhn 

s ™ ! 



4-n+l 



= t n+1 V . 
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Furthermore, we have 

i?i W (X,F) = mcl t jX,Y) - 2g Vt jX,Y) 

and 

^g Vt ^{X,Y) = 9tpt {X,Y) 

for all X,Y <E kcTi] Vt ^. Since the transversal Ricci curvature is invariant under the 
multiplication by positive constant of a transversal metric, thus Ric^ t M = Ric£ t , 
for all X, Y £ ker^^. Then we have 

Ricl utl {X,Y) = Ric% t {X,Y) 



>t(2n + 2)g^ t (X,Y) 



= t{2n + 2)w 1 Vull {X,Y) 



= t{2n + 2) Mvull {X,Y). 

Therefore we have 

Ric Vtttl (X, Y) > t(2n + 2) WW (X, Y) - 2g Vtlll (X, Y). 
Since fj, = t _1 , we have Ric lfttfl (X,Y) > 2ng Vttll (X,Y). It follows that 

Ric Vt ^(X,^) = 2m] Vt ^{X) 

= 1ng Vt ^{X,^) 

for all X £ TS. Therefore we obtain 

Ric<pt,[t ^ 2tk/^ £ ^. 

Finally, we have diam(S, g ipt ^) < it by Myers' theorem. □ 

Now we consider about the oscillation oscs<Pt of ip t . As shown in Proposition 
4.7, we have 

snp(pt <^- r ( <Pt(dr]) n Arj — 2nKV , 
s V Js 

where —K is the infimum of the Green function G with respect to the metric g. We 
shall give an estimate for the infimum of ipt- Let A tiM be the Laplacian and Gt iM 
the Green function with respect to the Sasaki metric g Vt ^- By Proposition 5.2 and 
Fact 5.1, we have 

( 39 ) G, M >- 7 (n,0)^, 

where /i = as in Proposition 5.2. We denote by Dt. M the basic complex Laplacian 
with respect to the transversal Kahler form \dr\ Vt ^. Then it follows that A t ^ft = 
2U ttlll ip t . By drj Vt ^ = ^ 1 (drj + ^-Ld B d B ipt), we have 

(40) Ot^ipt = /iDt./i/i" Vt = ^ tT dr, vtill (d?in - dr) Vt) ^) > -nt' 1 , 

where r/^ = fi~ 1 r] and fj, = t . By applying the Fact 5.1 to (S,g Vt ^), we have 

2 



t n+1 V Js 



(G t ^{p, q) + 7 (n, 0)^^) (A t ,^ t )dV gvtili (q). 
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By (38), the first term is given by 



!/",.,„ 1 



<Pt(dr) VttlJ ,) n A Ti VttlJ , = — / <Pt(dr} Vt ) n Ati 



t n+1 V Js 'v*'* 1 ' ■'■ivt,v y 
By using (39) and (40), we have 



(G M (p, q) + 7 (n, 0)^y) (At^VtWg^ (q) 
(G t ^(p,q)+ 1 (n,0)^^j (2a t ^t)dV 9vt Jq) 



2n . . TT 2 i n+1 l/ 

^~T 7(n '° Wy n! 

= -2n 7 (n,0)-^-. 
Thus we obtain 

(41) <pt(z) >yJ s MdV Vt ) n ATi-2n^{Ti,0)^ 

This gives the desired estimate 

oscs^t = sup (ft - inf (ft 
s s 



(42) </(0,^) + 2n [KV +j(n,0) — 

By applying the inequality (42), we can prove directly the uniqueness of Sasaki- 
Einstein metrics up to the action of the identity component of the automorphism 
group for the transverse holomorphic structure. 

The deformation of a Sasakian structure defined by (36) and (37) is called a 
D-homothetic deformation. By applying Z?-homothctic deformations to complete 
Sasaki manifolds with positive transverse Ricci curvature, Hasegawa and Scino 
shows in [9] that such Sasaki manifolds are compact with finite fundamental group. 
Although this method does not lead to a diameter bound, it is applicable to C°- 
estimates for solutions of (22). 

Appendix A. Some functionals on the space of Sasakian metrics 

In this appendix, we introduce some functionals on the space of Kahler potentials 
for the transverse Kahler structure. Let (S,g) be a (2n + l)-dimcnsional Sasaki 
manifold with Sasakian structure S = (<?,£, r/, $). We assume that cf(S) > and 
Ci(.D) = 0. Let V = ^ Js(f*7)" A rj be the volume of (S,g) and put V := n\V . 

A.l. Functionals L n and M v . For each (p',tp" £ Jf, we put 
L((p',ip") :=i J dt J <i>t{\dri vt ) n At} Vt , 

M(<ff ~ J dt J^ t {s T { Vt )-n{2n + 2))( l -d Vvt ) n Ar, Vt , 

where {(ft \ t € [a, b]} is an arbitrary piecewise smooth path in such that ip a = ip' 
and ifb = f" and s T (ip t ) is the transverse scalar curvature for the transverse Kahler 
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metric u>^ t = oj t + \/ — ldsdB^t- The functionals were defined by Futaki-Ono- 
Wang [7] , and proved that the definition of the functions is independent of choice 
of the path {ip t | t £ [a, 6]}. Put L v (<p) := L(0,tp) and M n (ip) := M(0,ip). Then 
the critical points of M v give Sasaki-Einstein metrics which are compatible with 
the initial metric g. As in the Kahler geometry, the functionals L and M have 
the following properties. The proofs are given by the same arguments in Kahler 
geometry. A functional H : Jif x Jf? — > K is said to satisfy the 1-cocycle condition 
if 

(1) H(ip',ip")+H(ip",ip') = 0, and 

(2) H(<p', ip") + H{ip", ip'") + H(ip"', ip') = 

for each (p',(p",ip"' £ ffl '. 

Proposition A.l. 

(1) The functionals L and M satisfy the 1-cocycle condition. 

(2) L(ip', p" + C)= L((pf - C, p") = L{tft, <p")+C frcsp. Mty + C, p" + C) = 
M(ip', ip") ) for each ip', p" £ J? and C G R. 

Hence we can define the mapping M (denoted by the same M) on 5^(g) by 

M(g',g") := M{ip' 

where ip', ip' are basic functions such that g v i = g' and g v > = g" . We call the 
functional M v on the space of Sasaki metrics which have the same basic Kahler 
class as the initial metric g defined by 

M v (g') :=M{g,g') 

the transverse K-energy map of the Sasaki manifold {S,g). 

A. 2. The functionals I n and J v . For each ip' , ip" £ Jff, we put 

i{ip',ip") : = 1 jy-v') ((^rAv-^vrAv) . 

A<ft,<p") -\\ a dt J& ((^v)"av - {\dn Vt T Ai?,<) , 

where {</3 t | i € [a, 6]} is an arbitrary piecewise smooth path in Jrf? such that ip a = ip' 
and tpi, = ip" . The following lemma is proved by direct calculations. 

Proposition A. 2. 

(1) J((p',ip") = y J s {f" ~ ^Od^'V)™ A r] v > - L(ip',p"). In particular, the 
definition of J is independent of choice of the path {p t \ t £ [a, b]}. 

(2) I(ip' + C, p" + C) = I(ip', ip") and J {iff + C, ip" + C) = J(<p', ip") for each 
ip' , p>" £ and constant Csl. 

By Proposition A. 2, we can define the mappings I and J (denoted by the same 
notations) on ,5^{g) by 

I(g',g") := I(ip',ip") and J(g',g") := J(ip',ip"), 

where ip' , ip' are basic functions such that g v i = g' and g^i = g" . Put 

lr,{g') ■■=i(g,g r ), J^g ) ■= J(g,g') 
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for each g' £ ^{g)- The functional J does not satisfy the 1-cocycle condition in 
general, but it satisfies the following equality; 

j(^V) + J(*/V") 

= Jtf, if/") - i fy - if") (i^T A V - ^d^T A ? 7 V " 

Put I v {<p) ■= 1(0, f) and J v (<p) ■= J(0,tp) for each ip £ Jff. We now take an 
arbitrary smooth path {ip t | t £ [a,b]} in J^ 7 . Then by a simple calculation we have 

(43) — (J„(yJt) - J„(^)) = ^ ^ ^Wt^^t)" A (r?^), 

where □( = ^As,t is the basic complex Laplacian with respect to the Sasakian 
metric g Vt . The following properties of 1^ and are essential to obtain the C°- 
estimate for the solutions of equation (22). 

Proposition A. 3. I v ,I n — J v , Jjj are non negative junctionals and satisfies the 
following inequality; 

< Ir,{(p) <(n+ i)(i v (<p) - J«{v)) < m v ((p). 

Propositions A.l, A. 2 and A. 3 can be obtained by a similar way as in Kahler 
cases (see [12] for example). 
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